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N o n -L o re n tz ia n  Shape o f  th e  D e p o la rize d  R ay le ig h  L ine 
an d  th e  C o rre la tio n  F u n c tio n  o f th e  T e n so r  P o la riz a tio n
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The correlation function of the tensor polarization relevant for the depolarized Rayleigh line of 
a gas of rotating linear molecules is calculated for the pressure broadening regime. Point of depar­
ture is the Waldmann-Snider equation for the distribution function of the gas. Due to the collisional 
coupling between the tensor polarization and other moments of the distribution function the cor­
relation function turns out to be a sum of exponential functions. Consequently the depolarized 
Rayleigh line has a non-Lorentzian shape.

Recent experimental investigations 1 of light scat­
tering from gaseous N2 revealed that the lineshape 
of the pressure-broadened depolarized Rayleigh line 
is non-Lorentzian. More precisely, the time-correla- 
tion function obtained from the measured spectral 
function deviated from ane xponential function. This 
behaviour can be described theoretically by a slight 
modification of the previously developed kinetic 
theory for the broadening of the depolarized Ray­
leigh line 2' 3.

In this paper, it is indicated how the correlation 
function of the tensor polarization can be calculated 
from the Waldmann-Snider equation4. The impor­
tance of the collisional coupling between the tensor 
polarization and other moments of the distribution 
function of the gas is stressed. As a simple applica­
tion, the consequences of a two-moments-approxi­
mation are studied in some detail.

1. General Remarks on the Calculation 
of the Correlation Function

For gases of linear molecules with rotational an­
gular momentum h J  the time-correlation function 
associated with the depolarized Rayleigh line is the 
auto-correlation function for the (2nd rank) tensor 
polarization 2' 3
a T = (^T>, _

The brackets ( . . . )  and ( ...)o  refer to nonequilib- 
rium and equilibrium averages, respectively. The 
symbol 77". indicates the symmetric traceless part of 
a tensor. The relevant correlation function is given 
by

a T(<) = C (0 a T(O), 0 . (2)
Reprint requests to Dr. S. Hess, Institut f. Theoret. Phy­
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It can be calculated from transport-relaxation equa­
tions which, in turn, are derived from the Wald­
mann-Snider equation4. The linearized version of 
this kinetic equation can be written as

d<p/dt + c -\/(p  + (jo{cp) = 0 , (3)

where cp, defined by / = /0(l +<p), characterizes the 
deviation of the nonequilibrium distribution opera­
tor /from  the equilibrium distribution/0. In Eq. (3), 
C is the molecular velocity and co(...) stands for 
the linearized Waldmann-Snider collision term. 
Now, a transport-relaxation equation for a? can be 
derived from Eq. (3) by application of the moment 
method5. In connection with the pressure broad­
ening the flow term of Eq. (3) can be ignored, i.e. 
in essence, a spatially homogeneous system is con­
sidered. Even then, the equation for ax is not a 
closed equation due to the collision-induced cou­
pling with other 2nd rank tensors. The collisional 
coupling between the tensor polarization and the 
friction pressure tensor is of crucial importance for 
the flow birefringence in gases6' 3 and the Senft- 
leben-Beenakker effect of the viscosity 7. In connec­
tion with the line broadening problem other types 
of coupling may even be of greater importance.

For the discussion of this collisional coupling it 
is convenient to introduce a complete set of ortho- 
normalized 2nd rank tensors & N= & N(C,J) with 
<l>1 =  and the properties

3V )o = 5 < W . (4)
For a spatially homogeneous system the moment 
equations for the a n =  (3\v) are

«.v + 2  ojNN' a N = 0  , (5)
N'

with the relaxation coefficients defined by
O)nn' = K&N:O>(®N'))O- (6)
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Due to time reversal invariance the cojVly obey the 
Onsager-Casimir symmetry relation

coNN' = TnTn- conn  , (7)
where T \ is determined by

3 \v ( - c ,  - J )  = T n & n (c, J ) .  (8)

The diagonal coefficients co# =  cô 'iV are positive. 
Furthermore one has oj/y ojjv' OJ%y, for 7 v  = T2\  . 
These properties follow from the positive definite 
character of the Waldmann-Snider collision operator.

Solution of Eqs. (5) for an initial value problem 
yields the correlation functions Cy.y-(f) according 
to 8

a.vW = Z C M 'W a ,'(0 ) ,  ^ 0 .  (9)
n'

The quantity of interest for the light scattering is 
the autocorrelation function of the 

tensor polarization a t .
In the previous theoretical treatment of the line 

broadening problem2' 3 it had been assumed that 
the coupling coefficients Wj y , /V =t= 1 are so small 
that they can be ignored. Then, the correlation 
function C(t) is equal to the exponential function 
e~wS and the ensuing spectral function is a 
Lorentzian. The collisional coupling, however, leads 
to deviations from this simple behaviour.

2. Two-Moments-Approximation

The experimentally observed deviations of the cor­
relation function from a function of the type e 
are small 1. It was possible to obtain a reasonable fit 
of the measured correlation function by a sum of 
two exponential functions9. This indicates that the 
collisional coupling between the tensor polarization 
a t and a specific 2nd rank tensor a 2= ( <£ 2) is 
of much higher relevance than the coupling with 
the other tensors a y , /V=j=l,2. More precisely, 
I co12 | | co\x ', | COo.y j, N =f= 1, 2 can be assumed. 
In the two-moments-approximation to be studied 
now a t and a 2 only are taken into consideration. It 
should be stressed that it is not possible to deter­
mine from the experimental data. The guess 
^>o~CC can be excluded because the collisional 
coupling between the tensor polarization and the 
friction pressure tensor is rather small3' 6,10. Since 
the relaxation frequency of the tensor polarization 
depends on the rotational quantum number, = 
S (/2)<t>x seems to be a more likely guess. Here S is 
a scalar function of J2. At any rate, the only prop­
erty of used in the following is the assumption

that it has the same time reversal behaviour as ^ t  • 
This implies

a)12 = Cü21 (10)
and

OJ122 OJj co2 . (11)

Here cox =  con  and w2 =  o 22 are the diagonal 
relaxation coefficients of a x and a 2, co12 is a mea­
sure for their collisional coupling. 

Next the dimensionless variables
K = co12co1~1, R = oj2co1~1 (12)

are introduced. Notice that Eq. (11) implies K2^ R . 
With the abbreviations
ß lö , - i [ l + Ä ( ± , r ] f W = [( 1 - / ? ) 2 + 4 £ 2]Vl,

(13)
the desired correlation function C = Cn is given by 

C = AX e~°lX + A2 e~°'-z. (14)

Here r stands for t co j and AX( 2) are given by

^ 1(2)= H 1 ( ± ) ( 1 - / ? ) ^ - 1] . (15)
For K = 0 one has Qt = 1, Q2 = R, Ax = 1, A, = 0 
for Ä <1, and QX = R, Q2 = 1, At = 0, A2 = l" for 
R > 1 , respectively. In any case, C reduces to 
C0 = e~T and InC to — r. For K + 0 deviations from 
this simple behaviour occur. In Fig. 1 InC is plotted

T

Fig. 1. In C as a function of r = iW[, plotted for /? = 1.5 and 
six values of K in the allowed range 0 < }/R.
The case K = 0 corresponds to a Lorentzian spectral func­

tion.

as function of r for R = 1.5 and | K | = 0, 0.25. 
0.50, 0.75, 1.0 and for the highest possible value of 
K = 1/R. Qualitatively, this graph is very similar 

to the experimental curve shown in Reference1.



For small times r Eq. (14) yields
In C= _ t  + ! £ 2t2 + 0 ( t 3), (16)

Hence the initial slope of In C as a function of t 
determines the relaxation coefficient oo1 . The de­
viations from the correlation function C0 = e~~r cor­
responding to K = 0 are independent of R for small 
r. To extract values for K and R a plott of

/ , = t " 1ln C + l  (17)

versus t seems to be useful since F =  0 for K = 0. 
The initial slope of F for r —>- 0 is determined by 
2 K2. In Fig. 2 F is shown as function of r for the 
same values of R and K used in Figure 1.

— fsat

Fig. 2. F(r) =  r~1 In C(r) -f 1 as a function of r = /w,, 
plotted for /? = 1.5 and the same values of | K j used in 

Figure 1. For K = 0 one has F = 0.

If K is nonzero the function F approaches the 
"saturation value"

Fs,t = U l - R  + V a - R ) 2 + 4 K2] (18)
for t  —> oo. Notice that 0 fg f Sat ^  1 for R^> 1, 
and 1 - R <  FSat =  1 for ^< 1?  respectively. The 
lower and upper bounds are imposed by the allowed 
range of | K \, viz. 0 ^  | K | ^  VR. For R <  1 the 
approach to saturation takes place for

W + l - R
T 0 = ln r -  ( i - Ä )  •

At time r0 both terms in the sum (14) are of equal 
magnitude, for t > t 0 the term with the smaller re­
laxation frequency (Q->) dominates. Notice that the 
time constant r0 becomes very large for small j K | , 
viz. r0 (1 — / ? ) ln[ (1 — /?)/K ]2 for I K j <  
( l - Ä ) /2 .

In conclusion it is stated that the experimentally 
observed1 deviations of the correlation function C 
from C0 = can be described by a two-moments- 
approximation. The three parameters cox, K = 
co^coj-1 and R — a)2co1~1 can in principle be ob­
tained by
a) a plott of In C versus t from the initial slope

b) a plott of F (t) = t -1 In C (t) +1 versus r = t cüj 
from the initial slope (K2) and from the "satu­
ration value" (R).

If the measured correlation function is fitted by a 
sum of two exponential functions9 the parameters 
(01 , K, R can directly be determined by comparison 
with Eqs. (13), (14), (15).

3. Discussion

An alternative approach for the calculation of the 
correlation function has been presented by McCourt, 
Rudensky and Moraal n . They made the appealing 
but unrealistic assumption that energetically inelastic 
collisions which cause transitions between the rota­
tional levels can be disregarded (uncoupled model). 
Furthermore, any other type of collisional coupling 
was ignored. Their correlation function is given by

C (t)=  I n e - * ' .  (19)
i

Here j is the rotational quantum number [the eigen­
values of J2 are j( j + 1)], is the fraction of mole­
cules in the state "/'" ( 2 ^ = 1 ) ,  and Qj is the

i
relaxation frequency for the tensor polarization of 
the molecules in the rotational state "/'"•

The theory presented in this paper is not re­
stricted to energetically inelastic collisions. Yet il 
seems to be of interest that the correlation function 
(19) is, for small times, formally equivalent to 
Equation (16). This can be seen if Qj is written as

Qj = Q( l+ d ,) ,  (20)
with Q defined by

Q ^ l y j Q j .  (21)
i

Then, of course, one has

2  Yi <5; = 0 . (22)
i

Thus, with r = Q t, Eq. (19) is equivalent to

lnC = - X + \n (2 Y ie -s,x). (23)



An expansion around r = 0 leads, due to (22), to an 
expression of the form (16) with

K2 = l 7 jd f ,  (24)

i. e. here K2 is determined by the 2nd moment of the 
deviation of Qj from its average value D = co1.

In summary, it has been shown that the deviation 
of the experimentally observed correlation function 
of the tensor polarization from a simple exponential
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